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Let M denote a compact, oriented n-mamfold of class C2 and let TM 
denote the tangent bundle of M. A vector jield on lW is a Cl cross section m 
TM, and afohztion is an integrable, orientable, Cl vector subbundle of TM. 
The basic properties of manifolds, vector fields, and vector bundles are 
described in [3, Chaps. II-VI], and the basic properties of foliations are 
described in [2]. A vector field 5 is tangent to a foliation % if [ is a cross 
section in 9 which is never zero. In this paper, basic properties of tangent 
vector fields to 2-dimensional foliations of 3-manifolds are studied. 
In the first section, the relevant obstruction theory for tangent vector fields 
to foliations is reviewed. Since integrability does not enter, these obstructions 
are precisely the obstructions for nonzero cross sections of tangent plane 
fields. In computmg these obstructions, it is clear that the topology of M and 
of the leaves of F must enter the considerations. For example, a necessary 
condition for a foliation of a 3-manifold to have a tangent vector field is that 
every compact leaf be a torus. 
General theorems relating the homotopy classes of nonsingular vector 
fields on the torus to their qualitative properties have been obtained by 
B. L. Reinhart [7]. These results are reviewed in the second section. It 
follows from the continuity of the foliation and the vector field, that Reinhart’s 
conditions impose constraints on vector fields tangent to leaves which spiral 
to the tori. In Section 3, these constraints are described in terms of the winding 
numbers of the vector field along certain curves. From these considerations, 
global qualitative properties of the vector field can be deduced. Applications 
are made to Reeb components and the Reeb foliations of the 3-sphere. For 
example, it is shown that every tangent vector field to a Reeb foliation has at 
least two periodic solutions, they are unknotted, and every pair of periodic 
solutions links once. 
* This research was supported m part by Natlonal SCKYWZ Foundation Grant 
GP-8965. 
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1. OBSTRUCTION THEORY 
Familiarity with the material in [IO, Part III] is assumed. Readers lacking 
this background may skip this section and still understand most of the 
development of the subsequent theory. 
THEOREM 1.1. Let M be a compact, orientable n-manifold and let 9 be 
a q-dimensional foliation of M. Suppose that N is a subcomplex of M and that 
a tangent vector field 5’ has been given for 9 ) N. Then the obstructions 
to the existence of a tangent vector field 6 for 9, which extends E’, lie in 
H”(M, N; n-k-l(S~-l)), h = I,..., n. The obstructions to the existence of a 
homotopy rel N between two such extensions lie in Hk(M, N, ~~(Sg-l)), 
h = I,..., n. 
Proof. In order to obtain a tangent vector field for 9, we must 
obtain a cross section for the tangent (4 - 1)-sphere bundle of 9. 
According to [lo, Theorem 34.21, the obstructions to extension lie in 
Hk(M, N; &+-k--l(SQ-l)]), h = l,..., n (simplicial cohomology with bundles 
of coefficients). But since M is orientable, the structural group for this 
(q - I)-sphere bundle is the n-th rotation group, which is connected, 
and the fiber S-l is n-simple for every q. Therefore, by [IO, Theorem 30.41 
the bundles of coefficients are trivial and these cohomology groups are 
isomorphic to simplicial cohomology. The homotopy obstructions are 
handled similarly, cf. [IO, Theorem 34.81. 
COROLLARY 1.2. If M is (n - q)-connected, then the primary (and only) 
obstruction to the existence of a tangent vectorjeld to any q-dimensionalfoliation 
lies in H”(M; T+~(S*-~)). If M is (n - q + I)-connected, then the primary 
(and on@) obstruction to a homotopy between tangent vector $elds lies in 
Hn(M; rr,(S*-l)). 
Proof. By hypothesis, 0 = z-,(M)= Ht(M)s H+z(M) for 1 < I< n - q, 
i.e., H”(M) = 0 for q < K < n - 1. But VT,-,(S+i) = 0 for 1 < K < q. 
Thus the primary obstruction to the existence of a tangent vector field lies in 
H”(M, ~,+I(Sq-l)). The homotopy result is similarly obtained. 
COROLLARY 1.3. Let 9 be a q-dimensional foliation of an orientable 
homology n-sphere M. Then 9 has a tangent vector field provided that any of 
the following conditions hold: 
(4 q = 2, 
(b) n-q=4,n>ll, 
(c) n - q = 5, n > 13, 
(d) n - q = 12, n > 27. 
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Any two tangent vector Jields to 9 are homotopic (whenever they exist) provided 
that any of the following conditions hold: 
(4 4 = 2 
(b) n - q = 3, n 2 10, 
(c) n - q = 4, n 3 12, 
(d) n-q= 11,n326. 
In particular, any 2-foliation of an orientable homology 3-sphere has a unique 
(to homotopy) tangent vector $eld. 
Proof. By [II], nk(S1) = 0 for k > 2, nIC+a(Sk) = 0 for K > 6, 
.rr,+5(Sk) = 0 for k > 7, and CT~,+~,(.FP) = 0 for K 3 14. 
COROLLARY 1.4. Let F be a q-dimensional foliation of a homology n-sphere. 
Then every compact leaf of 3 has zero Euler characteristic in each of the 
following cases: 
(a) 4 = 2, 
(b) n-q=4,n>ll, 
(c) n - q = 5, n 3 13, 
(d) n - q = 12, n > 27. 
Proof. Whenever 9 admits a tangent vector field, then the restriction of 
such a vector field is a nonsingular vector field on each compact leaf. Thus, the 
compact leaves must have zero Euler characteristic. 
COROLLARY 1.5 (cf. [l]). Let F be a 2-dimensionalfoliation of an orientable 
homology 3-sphere. Then every compact leaf of 9 is a torus. 
Let F be a foliation on a 3-manifold with tangent vector field 6, and let T 
be a compact leaf. Homotopies of 5 restrrct to homotopies of 5 j T and by the 
homotopy extension theorem for cross sections [lo, Theorem 34.91 any 
homotopy of [ 1 T extends to a homotopy of 6. 
2. HOMOTOPY PROPERTIES OF VECTOR FIELDS ON THE TORUS 
The solid torus is the manifold D2 x 9 and its boundary is the torus 
T = S1 x 9. A longitude circle on T is a circle ! = p x 9 (p E aD2) an a 
meridian circle on T is a circle t.% = 9 x q. Longitudes and meridians are 
oriented by the choice of an orientation for S. Let h denote the positive 
tangent to f at (p, q), let p denote the positive tangent to t?r at (p, q), and let Y 
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denote the outward normal to T at (p, 4). Then (A, CL, V) orients the solid 
torus so that the boundary T is oriented as the product 9 x 9. The family 
of tangents to longitudes and meridians provides a canonical parallelixation 
for T and a pair (l, A%) provides a canonical basis for Hr( T). With these choices, 
any unit vector field E on T is completely described by its principle part 
5 : T -+ 9 (which we also denote by f). 
Now H,(T) z 2 @ Z has cannonical basis (1; fi} and H,(D2 x 9) s 2 
has cannonical basis (il. The inclusion mappmg i : T -+ D2 x 9 induces the 
homology mapping z* : Z @ 2 -+ Z where i,([!]) = [i] and i*([fi]) = 0. 
Since Hr( T) is a finitely generated free group, then Hr( T) g hom(H,( T), Z). 
Thus [ : T + S mduces a homomorphism [.+ : H,(T) --t H,(9). With 
respect to the above bases, 5, : Z @ Z --j Z and this homomorphism 1s 
completely determined by its values on the canonical bases (1, &}. Therefore 
we can think of 5, E hom(H,(T), Z) E S(T). The homotopy class of < IS 
completely determined by this cohomology element. 
If 5 has periodic solutions, then they must be disjoint, and hence homologous 
(up to sign). They are said to have type (a, b) if they are homologous to 
ai + b6z (we use the convention a > 0 and if a = 0, then b = 1; in any 
event a and b are relatively prime). Reinhart [7] has shown that if 6 has a 
periodic solution, then the complement of the union of the periodic 
solutions is an open set U which contains no closed invariant set. For each 
component of U, there are periodic solutions y= , yU such that yor is the 
a-limit of every trajectory in the component and yw is the w-limit of every 
trajectory in the component. These trajectories spiral to their limits either 
with asymptotic direction (a, b) or with asymptotic direction (-a, -b). 
U can have at most countably infinitely many components and at most 
finitely many of these can have the trajectories spiraling to their 01- and 
w-limits in the same direction. Let p denote the number of components of U 
where the trajectories spiral to both limits in direction (-a, 4) andletq 
denote the number of components of U where the trajectories spiral to both 
limits m direction (a, b). 
THEOREM 2.1 (Remhart [7]). Let 6 be a nonsingular vector jield on T. If 
5 has no periodic solutions then 5, = 0. If [ has periodic solutions [say with type 
(a, b)], then {(a, b)} C ker [* and Im [.+ = {&(p - 4)). The values of [.+ are 
determined by 
t*u, 0) = MP - 41, f,(O, 1) = $a(P - a>. 
In particular, ;f 5, + 0, then [ has at least 2k periodic solutions where k is the 
positive generator for Im t.+ . 
This theorem allows us to look at the qualitative picture of 5 and to 
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describe the algebraic properties of E* , e.g., Im t* is generated by +(p - 4) 
(the degree of 5) and if E* # 0, then ker f* is generated by the homology 
class of any periodic solution. In every homotopy class, there are examples 
with finitely many periodic solutions (and components for U). For instance, 
the structurally stable vector fields have this property [5]. For a given choice 
of degree (fk) and kernel (a, b), the simplest example m the homotopy class 
has 21z periodic solutions each of type (a, 6) and either p or 4 IS equal to zero. 
3. THE WINDING NUMBER 
Let N be an orientable 2-mamfold and let 6 be a nonsmgular vector field 
on N. For any smooth curve C in the complement of the singular set of [, we 
define the winding number of E along C by 
(cf. [7] and [S]). In case C 1s a closed curve, W,(C) is integer-valued and 
depends only on the homotopy class of [ and C relative to the singular set 
of f. By Sard’s theorem, C can be moved by a small homotopy so that C has 
generic tangencies with 5. Let P(Q) d enote the number of points of tangency 
at which d/dt(f - C) > 0 (d/dt(t - C) < 0). Then Reinhart has shown 
[7, 81 that 
W,(C) = $(P - 0) 
for any such closed curve C. 
LEMMA 3.1 (Reinhart [7]). If [ is a nonsingular vector field on T, with 
ker ,$* = {(a, b)}, fhen 
WC(*) = a deg E* , W,(i) = b deg [* 
(in case 5, = 0, then deg E.+ = 0 and so it does not matter whether or not 
a and b are dejined). 
Next consider the case where C is the oriented boundary of a compact 
submanifold in N and where 5 is nonsingular along C, but has possibly a 
finite singular set interior to C. For example, if C bounds a disk D and p is 
the only singularity of < interior to C, then the index of [ at p is defined by 
4(P) = 1 + W,(P). 
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LEMMA 3.2. If C is the oriented boundary of a disk with g handles, and ;f .$ 
has singular set (p, ,..., p,} interior to C, then 
W,(C) = 2g - 1 + i 4,(Pz). 
2=1 
In particular, 6 1 C has a nonsingular extension to the interior of C if and only 
zy W,(C) = 2g - 1. 
Proof. Without loss of generality, we can assume that N is a sphere with 
g handles, that -C bounds a disk D in N, and that 5 has one singular point p, 
interior to D. Then 1&J = 1 - W,(C) and by the PoincarC index formula 
[lo, Theorem 39.71 the sum of the indices of all singularities of 5 is 2 - 2g. 
Suppose now that 6 is a given vector field on N and that K is a subcomplex 
of N which contains the singular set of e in its interior. If t; is any nonsingular 
extension of [ 1 K and if C is any smooth curve which is either closed, or 
has its endpoints in K, then a necessary condition for [ to be homotopic to e 
relative to K is that the winding d~$fuence 
D(5, t; C) = JJ’,(C> - w,(C) 
be zero. Since t, 5 agree at the endpoints of C, then D([, 5; C) is an integer. 
LEMMA 3.3. Suppose that N - K is compact. Then the winding difference 
determines a cohomology class d([, 5) E Hl(N, K). This cohomology class 
measures the entire obstruction to the existence of a homotopy between 5 and 4 
relative to K. 
Proof. The only obstruction to the desired homotopy lies in Hl(N, K; 
TQ( Sl)). Now 
D(l, 6; *) E hom(CYN, K), 2) 
is a cocycle since 5, 5 agree on K, and this cocycle measures the degree of the 
mapping C + S1 which is induced by 5 and 5. Thus its cohomology class is 
the primary difference element d(l, 5). 
4. TANGENT VECTOR FIELDS TO REEB COMPONENTS 
Let F be the Reeb foliation [6] of the solid torus whose noncompact 
leaves spiral towards the boundary in direction ---a, i.e., T is the only compact 
leaf and every interior leaf is the image of a one-to-one immersion of the plane 
into the solid torus such that the asymptotic direction of the image of any 
ray is -1. 
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THEOREM 4.1. There are infinitely many distinct homotopy classes of tangent 
vector fields for 9. If ( is a tangent vector jield, then deg(t / T), = 1 and 
ker(E 1 T), = {(1, n)} for some integer n. If 5 is another tangent vector field 
for 9, then f N 5 if and only ifker(E 1 T), = ker(l 1 T), . 
Proof. There are no obstructions to the existence of tangent vector fields 
for 9, and there is an infinite cyclic group of obstructions to the existence of 
homotopies between such vector fields. Let y be a smooth curve which lies 
on an interior leaf and which is Cl-close to +i. Then W,(y) = IV,(%) = 
a deg(c 1 T)* by 3.1 and W,(y) = 1 by 3.2 since 6 does have a nonsingular 
extension to the interior of y. Therefore a = 1 and deg([ 1 T), = 1. Also, 
l generates the first homology group of the solid torus; so if f, 5 are tangent 
vector fields, then 5 N 5 if and only if 0 = D(c, 5; f) = W,(l) - W,(l) = b, - b, , 
i.e., if and only if ker([ 1 T), = ker(2; ] T), (cf. 3.3). 
COROLLARY 4.2 (Reinhart [9]). Let M be a compact orientable 3-manifold 
and let F be a foliation of M which has a Reeb component. If 6 is a tangent 
vector$eld to F, then 5 has at least two periodic solutions. 
Proof. Let T denote the boundary of the Reeb component. By 4.1, 
ker(.$ I T), = ((1, n)} for some integer n and deg(t I T), = 1. By 2.1, 5 ( 7 
must have at least two periodic solutions. 
COROLLARY 4.2. Let M be a compact orientable 3-manifold such that 
p,(M) is jinite. If 5 is a vector $eld on M which is nonsingular and tangent to 
some foliation, then .$ has at least two periodic solutions. 
Proof. Under these hypotheses, Novikov [4] has shown that any foliation 
for M must have a Reeb component. 
Reeb [6] described foliations for S3 by viewing Sa as the union of two 
sohd tori with their boundaries identified so that II = fia and +ii, = --!a . 
Each solid torus is foliated as a Reeb component. Let T denote the compact 
leaf. If we assume that orientations are always chosen so that in the first 
Reeb component the interior leaves spiral with asymptotic direction --11 , 
then there are two possible Reeb foliations for S3 depending on whether the 
interior leaves of the second Reeb component have asymptotic direction 
-& (22+) or i-1, (W-). By 1.3, each of these foliations has a unique (to homo- 
topy) tangent vector field. Let f+ ([-) denote the tangent vector field to 
B+ (W->- 
THEOREM 4.3. The homotopy classes of [+ and .& are determined by the 
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homotopy classes of f.+ 1 T and f- / T. In terms of the homology basis {& , $}, 
we have 
W5+ I T), = ((1, -1)) de&f,. I T)* = +I 
kerk- I T), = ((1, +I)) deg(k I T), = +I 
Proof. BY 4.1, deg(5, I T), = 1 = d&5- I T), , ker(t+ I T) = ((1, n+)> 
and ker([- j T)* = ((1, n-)> since f is a tangent vector field to the first 
Reeb component. But since 5 is also a tangent vector field to the other Reeb 
component, the results of 4.1 can be applied again with respect to the 
appropriate homology basis for T. In the case of 3+ , the appropriate homo- 
logy basis is {& , &} and in the case of .3:_ , the appropriate homology basis 
is c-i,, -@zz). With respect to these bases, ker (E, 1 T) = ((1, a,‘)}. Since 
(5, / T), has a unique kernal and using the relationships between I1 , +‘z, and 
i, , A, , we have i, + n,fi, = !, $- n,‘G, = n,‘i, - fii, , i.e., n, = -1 and 
n +’ = + 1. By similar reasoning n- = + 1 and n-’ = - I. 
COROLLARY 4.4. Let [ be any tangent vector field to a Reeb foliation of 3. 
Then f has at least two periodic solutions, they are unknotted, and every pair of 
periodic solutions links once. In particular, there are examples of such vector 
fields which have exactly two periodic solutions. 
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